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TV Model Problem



Reduced rates

Example: Image processing via TV minimization [Rudin, Osher & Fatemi '92]
« 2
I(u) = Dul() + S lu — gl
» nondifferentiable convex problem with discontinuous solutions
» formal Euler-Lagrange equations — div % +afu—g)=0
Experiment:

P1-FE
h~278

Wi
il

Accuracy: Error estimates for L error if u € L*°(Q) N BV(Q)

> O(h/*) for P1 FE [Wang & Lucier '11, B. '12, B., Nochetto & Salgado '14]
> O(h'/?) for anisotropic TV [B., Nochetto & Salgado '15]
> O(h'/?) for PO/CR FE [Chambolle & Pock '19+, B. '20+]

I o

Note: Rate O(h'/?) optimal for generic BV functions

‘v%
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General approach

Variational problem: With convex functionals ¢, v
I(u) = / d(Vu)dx + / P(x, u)dx
Q Q
> formal Euler-Lagrange equations: —div¢'(Vu) +4'(-,u) =0
Coercivity: Optimality of u
01(uy up) < I(up) — I(u)

Error estimate: By minimality of uj, for every vy

(5/(Ll, uh) < /(Vh) — /(u)

Hence: Suitable interpolant v, = J,u leads to error estimate
» control of inconsistent /, = |
» optimality and regularity
» use of duality /(u) > D(z)
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Limitations of P1-FE

Model: ROF minimization in BV(Q), discretization with P1-FE

Slu = wl* < 1) = 1(u)

Interpolant: With regularization u. set vy, = Zpu. 5
|u—Zhue|[n < c(h’e™ + )| Dul(R), L RN
IVZhuel| 2 < (14 che™ 4 ce)|Dul(Q) =
— Thu,

Continuity: With binomial formula and & = h*/?
5 llu = ul < [Dvi|(Q) — [Dul(@) + %/ﬂ(w u)(vh + u - 2g) dx
< che ™t 4 (WPt &) = O(h?)
Optimality via TVD: If Z, : W (Q) — SY(73) with [|[VZyv||2 < |[Vv]|;1 then
Slu = wl* = o(h)

OK: Anisotropic #* version of BV and structured grids [B., Nochetto & Salgado '15]
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Convexity and Nonstandard FE



Fenchel conjugates

Conjugate: For convex ¢ : R — R define convex conjugate —¢*(s) = inf, Ls,+(0)

¢"(s) = sup r-s—¢(r)

rer?

i.e., Young's ineq r-s < ¢(r) + ¢*(s), equality for s = ¢'(r)

Duality: Use ¢** = ¢, integrate by parts, exchange extrema

=¢(Vu)

infl(u):inf/sup Vu-z—¢"(z) dx+/¢(x, u)dx
Y Q Q

u z

infy, F(w) + G(w)
= sup, —F*(s) = G*(s)

Y

supinf—/¢*(z)dx—/udivz—w(x, u) dx
E Q Q

sup— [ 6"(2)ax— [ (divz) dx = sup D(2)

Strong duality: If saddle (u, z) exists then equality /(u) = D(z) holds

> important implicit information in dual solution z = ¢'(Vu)
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Crouzeix—Raviart FE

Motivation: Continuous P1 vector fields too stiff for divergence, e.g. in Stokes,

div: SY(T3)? = £%(T5) NOT surjective

CR-FEM: S (T}) continuous (only) at side midpoints [Crouzeix—Raviart '73]

Quasi-interpolant: Averages over element sides
Tt HY(Q) = SV (Th),  Twv(xs)=|S|" / vds
s

Projection property: Elementwise gradient given by projection onto constants
VirTIpv = MNpVv

Jensen’s inequality: For convex function ¢

/Q¢(Vh‘7hv)dxﬁ/ﬂ¢(Vv)dx
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Raviart—=Thomas FE

Motivation: Divergence operator on L? vector fields (instead H')

RT-FEM: RT°(T}) affine vector fields with weak divergence [Raviart-Thomas '77]

gn|7(x) = ax+ b
acR, beR?

Idea: Constant normal components on hyperplanes X

gr(x)-ns=c VxeS§ xJ TS
Quasi-interpolant: Averages of normal components over sides

Ly H(div; Q) = RTYT:), Lnq(xs)-ns =S| / q-nsds
s

Projection property: Surjectivity of div : RT%(Ts) — L£L°(75) via
div th = |_|h div q
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CR-RT duality

Properties of CR and RT: On element sides S € Sy with normal ns
» jumps [vs] of CR functions over sides have vanishing mean

» components gy - ns for RT fields constant and continuous

Integration by parts: For v, € S5 (75) and g, € RTN(Tr)

/vhdivqth:fZ/Vvh-qhdx+Z
Q T

TETh Sesy,

= —/thh~qhdx
Q

Projection onto constants: L[> projection I, : L2(Q; RY) — £°(T)"

/[[Vhﬂqh - nsds
S
—_———

=0

Duality connection: Within £°(73)"
/ Mpvy div gy dx = —/ Vvp - Mhgr dx
Q Q

» projection onto constants important to apply Fenchel’s inequality
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Discrete Fenchel duality

Imitate arguments: For u, € S5 (75) and z, € RTYN(T5)
In(un) = /Q¢(thh) + n(Mpup) dx
2 /Q —@"(Mpzn) + Mpzy - Vaun + Pp(Mpup) dx
T /n —¢" (Mpzn)— div z, Myup + ha(Mpup) dx

2/—¢*(ﬂhzh)—1/1;:(divzh)dx
Q

= Dn(zn)
Weak duality: Discrete functionals I, and Dy, satisfy [y(up) > Dn(zh)

Strong duality: If ¢, 1, € C' and uj, minimal for /I, then

Zp = Dng(thh) =+ th(', ﬂhzh)dfl(x — XT) — Ih(uh) = Dh(Zh)

Related: z, = Dqﬁ(thh) + d_l(X — XT)nhf [Marini '85, Carstensen & Liu "15]
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Error analysis via duality

Nonlinear Dirichlet problem: With f, = I,f consider
Ih(uh) = / (Z)(thh)dx —/ o Npup dx,
Q Q

Dh(zh) = —/ qb*(l'lhzh) dx — I{,fh}(divzh)
Q

A priori analysis: Control discrete error 0, (un, Jhu) via

5/;, < Ih(jhu) - /h(Uh) < /h(jhu) _ Dh(ﬁhz) P discrete coercivity & duality
< / ¢(VU) — Lhzh - VTt + Qb*(nhﬁhz) dx > J_ensen's inequality,
Q divLyz = —f,

< / —¢"(2) + (z = NMpLpz) - Vu+ ¢ (NyLpz)dx » strong duality /(u) = D(z),
Q divz = —f, VyJpu = NyVu

< / (D" (z) — D¢" (MnLaz)) - (z — MaLhz)dx  » convexity, Vu= D™ (2)
Q

= O(h2) P interpolation estimates,
if, e.g., @™ Lipschitz
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General error bound

Generalization: Convex variational problems on W} (Q)

Theorem ([B. 20+]). If z € W{i(div; Q) N W (Q; RY)
01, (up, Thu) < / (D¢ (z) — D" (MnLhz)) - (z — Malrz) dx
Q
+/ (Dy(u) — DYu(MpThu)) - (u — MpThu) dx
Q

+/Q1/)h(u)*w(u)dXJr/Ql/J;(nhdivz)fw*(divz)dx.

Interpretation: CR discretization error controlled by RT interpolation error

inconsistency V, &~ V and [, &~ | estimated via duality
low order terms reduce to (v/2)||u — MpTpul? for quadratic v

avoids use of Strang lemmas; guarantee feasibility of interpolants

vvyVvyy

use of quadrature important and computationally efficient
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Hidden structure

Orthogonality relation: Within (£°)? ¢ L?(Q; R?) [B. & Wang '20+]

(MhRTR)" = Va(ker Myl grer) <= A" =B

Proof: (i) If Myv, = 0 then for all y, € RT},
(Vv Mhyn) = —(Mpvp, divyy) =0 = A C B
(i) Let y, € BL. Choose ry € Zj = (ker I'Ih|5175,)L C Sé’" with
D
(Mure, Mpve) = (vh, Vavy) Vvi € Zp.
. Let z, € RTY with —divz, = Myry

(yh — Zp, thh) = (I'I,,rh, nth) + (dIV Zp, Vh) =0 Vv € SE’C’
Define yh‘T = )/h(T - diVZth(X — XT)/d so that

1,cr

True for all v, € Sy

(Fn — 20, Vavi) = (vh — 2, Vavy) =0 Vv, € S5

Implies y, — z, € RT,[\)/. Since Mpyhr = y, deduce y, € A and Bt C A O

Remarks: Identity uses inf-sup condition and has consequences
» strong discrete duality relation
> dual variant divker Mhlgro = (MhSE™) " = MaSHT = L° if Tp # 0Q
» alternative proof uses discrete Poincaré lemma [Chambolle & Pock '19-+]
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Nonsmooth Examples



Example: Obstacle problem

Functionals: For f € L?(Q) impose u > 0 via indicator functionals /.

/(u):%/Q\Vu\zdx—/nfudx-i-h(u),

D(z) = —% /Q |z|* dx — I_(divz + f)

Low order terms: Pointwise convex conjugation

Y(x,8) = —f(x)s+1(s) = ¢ (xt)=1(t+f(x))
Complementarity: z=Vwuanddivz+f=0if u>0

Discretization: Use f, = I, and impose constraint at midpoints of elements

1
lh(uh) = 5/ |thh\2dx —/ fhup dx + I+(|_Ihuh)7
Q Q

1 .
Di(z1) = _5/ IMpzs|* dx — I—(div z, + i)
Q
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Example: Obstacle problem (cont'd)

Proposition ([B. '20+]). If z = Vu € H(Q;R?) then

[ Va(un — u)|| < ch(||D?ul| + ||f + divz|)).
Proof: Since J,u and Lz admissible with = f + divz
o < /Q(f +divz)(u— NpJhu)dx + % /Q |z — NpLyz|? dx
= /QM(jhu — NpJhu) dx —|—/Qu(u — Jhu)dx + %/g; |z — MyLhyz|? dx.

For element contact set Cr = {x € T : u(x) = 0}
#lrer =0, Vuler =0.
With Jhu(x) = Thu(xt) + VaTsu|T - (x — x7) for critical term A

Alr = / 1 Vh(Thu = u) - (x = x7) dx < hrl[pllzon) IVa(Thu = u)|li2¢ry. O
Ccr

» note constant-free intermediate estimate
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Example: TV minimization

Primal problem: For noisy image g € L°°(Q) find u via minimizing
a
I(u) = [Du|(2) + Zllu ~ gl’
Total variation: Extends ||Vul|;1(q) via operator norm of Du on C(€Q)

[Dul(Q) = sup{ f/Qudivzdx 1z € C(QRY), |z]e < 1in Q}
Dual problem: By exchanging extrema u =g + o 'divz
D(e) = — 5|l divz +agll + Sl = hoo(2)
Optimality: z € 9|Vu| and strong duality /(u) = D(z) [Hintermiiller & Kunisch '04]

Discretization: With g, = l,g consider inconsistent /, and Dy

1
In(un) = / [Vhup| dx + §||I'I,,u,, — &l
Q

1 . «
Di(zn) = =7l divzn + agnll® + §th\|2 — Iy 0)(Mhzn)
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Example: TV minimization (cont'd)

Proposition ([Chambolle & Pock 19+, B. '20+4]). If z € W°(Q; R9) then

q 1/2
lu = Maunl] < b (|| ulleo= [Dul(Q) + gl V2l o< || div 2Il) .

Proof: For admissible uj, and z,
%H”h(uh — )|* < Ia(@h) — In(un) < In(tn) — Dn(Z)
For tp, = limz—0 Jhue have TVD and approximation
[Vhiihllx < [Dul(Q), [T — ulls < chlDul(R), b 7_

and hence 1 ] —u
In(tn) < I(u) + ch— E\Ig—gh||2- o

For z, = 'y;lllhz with v, = ||Lhz||= have
- 1
Di(2h) > D(2) — ch — S llg — enll”.
Strong duality /(u) = D(z) gives estimate. O

» note canceling low order contributions; no regularity conditions on g
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Example: TV minimization (cont'd)

Setup: For Dirichlet BC, g = x5, (0) have
u=max{0,1 —d/(ar)}xs0), Z€ whe(Q; RY)

» choose r =1/2, d =2, Q = (—1,1)?, and a = 10
» iterative solution via semi-implicit gradient descent [B., Diening & Nochetto '18]

P1 solution uP* and Myut" 107 ‘ ‘ ‘
—0-P1 method
Q —%—CR method
N LN 2B
AN — N ~h

<

CR solution uf" and Mpug”

RS

L

N~h?
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Irregular dual solution

Single disc phantom [Chambolle et al. '10]: For B = B1(0) CC Q and g = x5,
Dirichlet BC, ROF minimizer u = c,g with Lipschitz continuous dual
o)X x| <1
(X) = —Ca 2
x/|xI%, x| =1
Optimality: Dual solutions satisfy z € 9|Du| and divz = —a(u — g)

Touching discs [B., Tovey & Wassmer '21+]:

For symmetric Q, g = xg+ — x5—, Dirichlet BC, z(x’)lT Xi
have u = ¢{ ,g and z = Fv on B* and

Q —~ |

X
N\
| sy -
XT xRt f2(xT) - 2(x7T) = 20 5 ¢ N7 5

r

—> z not Lipschitz continuous

No reduction of
CR convergence
rate:
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Generalization to dG



Discontinuous Galerkin method

Jumps and averages: On inner sides S € S, with normal nsﬁ
[va](x) = EI:ln0 (va(x — ens) — va(x +ens)), ==~

{va}(x)

o1
= sllno E(v;,(x —ens) + va(x + ens)) i fualls —— {vadls

» midpoint evaluation [vs]a|s = [va](xs) and {vi}nls = {va}(xs)

Broken CR and RT spaces: Omit all continuity requirements
SUE(Th) = LY(Th), RT®(Ta) = L2(Th) + (id —x7)L°(Th)
Integration by parts: With [vays] = [va]{ys} + {va}ys]
/ vp divy ypdx + / Vhvh - yndx
Q Q
:/ [vala{yn - ns}d5+/ {vntnlyn - ns] ds
Sp\ln

Sp\lFp

» reveals duality of jumps and averages
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dG-Discretized problems

Stabilizing and regularizing terms: For u, € S»%(7;,) and z, € RT>%(T;)
J _ 1 -1 r 1 s
w(un) = ~llas™ [unlnllirsrw + S IBs{undallissro),

1 r 1 —1 s’
Kh(zh) = F”O‘S{zh . n‘S}HL’/(Sh\FN) + ?Hﬁs [[zh . ns]]”LS/(Sh\I'D)

Proposition ([B. '20+]). /s(ux) > Dn(zs) for primal and dual dG functionals
(un) = /ﬂ B(Vhttn) + B, Mytze) dx + Iy 1),
Dh(zn) = f/ﬂgz)*(n,,zh) + Pk (x, divy z) dx — Kh(zn).

If r=s=2and 8s =0 and ¢, € C' then strong duality applies.

» use of quadrature in jumps and averages essential
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Error estimate

Nonlinear Dirichlet problems: Consider low order term ¥(x,s) = —f(x)s
Proposition ([B. 20+]). If z € W(Q;RY)

01, (up, Thu) < / (D¢*(2) — D" (MnLhz)) - (z — MpLhz) dx
+ In(Thu) + Kn(Lhz),

where
In(Thu) < CT”hnggHLOO(S)HJhUHiS(Q),

Kn(Lhz) < erllhs e [l ()| £zl q)-

Examples: Strength of jump terms
> Poisson: r =2 and as = h*? (sharp)
» TV:r=1landas<lorr=2and as=hP, p>2

Consistency: Discretize then optimize
» note disappearing jump terms for CR and RT comparison functions
» lack of consistency terms for elliptic problems requires overpenalization
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Numerical experiment

Regularized functional: With |a|. = (]a|?> 4 £2)'/?
a 2 Cojr —r r
In.e(un) = | [Vhunle dx + S [Mhun — gl + == | hs™[[un]|= ds
Q s

» uniform estimate 0 < |a|. — |a| < ¢ justifies e = h

Linear: r=1,v=1,¢c, =1

Quadratic: r = 2, vy=1¢ca=1 310'2—

—©—r=17=0
——r=17=1
—a—-r=17=2
QT =2,7=0 112
ckeer =2,y=1
s e@eer=2,7y=2
1098 i T I

3
100 10° 102 108 104 10° 108
N~h?
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Mesh Grading and Adaptivity



Approximation of 1D jumps

L? Best approximation: For u = sign +v, v € H'(a, b)

1/2 . 1/2 /
cahy® < inf u— upll < c(hy 4+ hmaxl||v
1y = u,,esl(Th)H hH = 2( 0 a H ||)

Idea: Use -graded mesh with Amin ~ h2..

1D ROF model: If u € W2!((a, b)\ J) e
« 2 ’
S llu =l < 1(Zhu) — 1(u) 2o
= (Zhu)'lli2(ap) — [Dul(a, b) e
<0 (TVD property of Zj) e 10! 1:‘ 100 10t
a b 2 2 '
+3 (Thu — g)" — (u—g) dx
a
<4|lu=Zpull;1llgll oo ’
< ca(hmin| Dul(a, b) s
+ hﬁlaxHu”HLl((a,b)\Ju))Hg”Loc o 05 0 05 1
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2D Mesh grading

Graded triangulations: Shape regularity and
conformity limit grading strength in R?, d > 1

CR discretization: Use discrete TVD property and discrete duality as above
@ p . i .
5 1M (an — up)|I? < 2a(|Mah — ull ey llg oo @) + (1 =74 )lgll div z]]

Difficulty: Local error O(ht) even in regular regions, v, > maxre7;, |Jrrz(x7)]|

10°

Proposition ([B., Tovey & Wassmer ’21+]). If ROF sol.
u € BV(Q) p/w constant, dual z € W*°(Q; RY) s.t.

el B

12| < 1 £, (x)

and triangulations quadratically graded

. hd,, (T)? if dy,(T) > h?,
T<cs , .
h otherwise

then ||My(u — Gp)|| < h|log h| M(a, u, z, g).

30/34
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A posteriori error estimate

Continuous coercivity: For conforming approximation uj € W'P(Q)
S1(u, up) < H(up) — 1(u) < I(up) — D(zh)
_ / S(VUE) + p(uf) + 6" (2n) + 9" (div z4) dx
Q
Poisson problem: Assume f, = f and use divz, = —f
1 cy (12 1 c|2 2 . c 1 c 2
SNV(u—u)l” < = [ |Vug|” + 26" + divzupdx = 2 [|[Vuj, — z]|
2 2/, 2
TV minimization: Direct calculations and integration by parts for |z,| < 1
a c2 c QO 2 1. 2 2
Sy = < e _ L= | L X
2||u ug| _/Q|Vuh|+ 2(uh g) + 2Oé(dlvz—Q—ch) 8 dx
c c 1 . c
= / (IVuf| — Vuf - zn) + =—(divzy + a(uf — g))* dx
Q 2«

Interpretation: Residual type estimators, uj and z, only admissible

» flux equilibration, hypercircle method: [Repin '00, Braess '07, B. '15]
» nearly optimal z, via postprocessing primal CR approximation up
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Adaptive experiment

ROF estimator: Use localized error bound to refine mesh [B. & Milicevic '19]

c c 1. .
el < nﬁ = Z / (|Vuh| — Vug -z;,) + g(dlvz;7 + a(up — g))Z dx
T

TETH
& ‘ ; ;
.
&9
100 ¢ %
Q
*
< 107" |
-&-Eest
% B N o2
-0-Feoy n0-29
—©-P1 method
2 —% -CR method
102 f ‘ 3
10° 10' 10°

» use of H(div; Q)-conforming dual variable avoids oscillations
> open: construction of admissible, nearly optimal z("
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Summary



Summary

» Optimal error estimates via convex duality
» Nonsmooth problems, only first order systems
» Dual problem provides right regularity condition
» A posteriori error estimates via primal-dual gap
» Solve dual problem via generalized Marini formula
» Future aspects/open problems:
> general regularity results, e.g., dual form TV
> higher order nonstandard finite elements
> optimal iterative solution
» More information

http://aam.uni-freiburg.de/bartels

&
Thank you!
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